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Riemannian surface IX g
Assumption

X without boundary
DX is not included in x

g
a smooth Riemannian metril on

Remark
X may have punctures
does not need to be geometrically finite

00
genus a punctures allowed

X admits a metric of fomerg such that X Eg
has constant curvature 51,0 2 and is complete Poincaré

1 X 5 Koebe

0 X 41903 torus C m

1 X anything else hyperbolis unique
Riemann surface surface complex straiture conformal classofmet






















































































Complete metric examples Ziating

g dx tdy not complete

a complete
g

dat dyI
go

curvature 1

1H
hyperbolic plane

geodesics
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Complete hyperboli surface
X go

has curvature 1

T Δ PS LILIRI Isomt 1H

µ
I discrete subgroup without torsion

A 9 PS212 IR

2H 9 that does not have fixed point in H
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Free homotopy classes of closed curve

leooffreehonutopinFacti.If
X is hyperbolin freel homotopy classof

curves not homotopil to a
point

If trivial or to a
cusp

hyperbolic geodesic 8 1 18 length

If T is a flat torus C
1

1
1 17

0

Otherwise all r is homotopic to a point

Mx 8 multiplicity of 8 mar 8primitive



Main theorem 1 1W Xue

Let X be a complete hyperbolic surface p pi 3

be a closed countable subset of X X up with8 a hyperbolic

geodesic in X we have

1 1 Ʃ 1 1

Myr elx'Re staymx.li elx
181

1

If T is a flat torus X TIP
Area T
I 9,1872 Fy try elx.lt 1
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Thm Mcshane's identity InventMath98

X T1 p once punctured torus

Ʃ
t

oriented 99 181
1

simpleclosed
geodesi

ifProof sketch
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pick a point uniformly on horosyle
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Other identities on length spectrum

Mirzakhani Generalized McShane's identity Computation of
Invent of theWeil Petersson volume of moduli spaces

Basmajian
Relation lengthof geochsi boundary

ATM 93 lengths of orthogeodesics

Bridgeman Identities on orthogeodesics by decomposing
GET T'M

Also Bridgeman Kahn Caligari Parlier



Xip

i f
Area T 1 1 Ʃ 1 1

fair
or

my r elite staymx.ir elx
184 1

Proof idea

Use Brownian motion on Xig

Conformal invariance of 2D BM

Probability of 2D BM hitting 1 13 is 0



Brownian loop measure

0 r finite measure Mx.g on Brownian type loops on Xig
Introduced by Lawler Werner to study SLE in a

Brownian loop measure SET of SLE measures

Based on conformal restittion property of SLE
T Lawler Schramm Werner

In ID ppp of intensity MD.dz outerboundary ofchister

Sheffield Werner CLEK loop ensemble KECE43

Total mass logdetΔx.g
4 Partition function of GFF
conformal anomaly of CFT

LeJan Dubidat Ang Park Pfeffer Sheffield
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Brownian loop measure

Brownian motion on lx.gl is the diffusion generated
by 0g Laplace Beltrami operator killed at DX

In IR g e ti dat dy Dg e anatogy
B is a time changed
standard Brownian motion

Trajectory conformally

invariant if killed
at 2X

Project to X hyperbolic

mF 1H
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Definition Brownian loop measure on IX.gl
WT sub probability measure on Brownian path

on High starting from EX with time t

killed at ox

Why sush that

Wi Sye why dodgly

Remark IW y
1 Pt1K1g heat kernelwith Dirichlet

2 condition

Brownian loop measure

Mx.gs f If WI ax dwight dt
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Properties of BLM

Mag f f WI ax dulgin dt
Infinite measure on loops in

Restriction If c Mxig fx.ge g.cxs

Conformal invariance o f C IX IR

Mx g Mxearg forgetting the parametrization

but keeping the orientation

Expect loops in a non

ffs.fi trivial free homotopic class

Mx gfr C

Lajan
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Computing Mx.gl 83

Conformal invariance Take g go tomplete constant

curvature metric

x ̅

t.ae zfof Attica
in

ffs.fi
Alternatively Show My 11031 MA 12811



Steps Compute Ma 1583

x ̅

ffiafr.net Ef Attic

Males 11 pt lxietiydutyby do
1

hair elA't 1

y
Mysts

Mylo elxin 1



Proof of main theorem I up

1

I or m.net.in Eyhim ee.fr a

m ITE
p
is polar for BM

Mx is informally invariant



Total mass of Brownian loops

Determinant of Δ



Determinant of Laplacian Δ

M complete hyperbolic closed surface genus
co

M



Heuristics

504 is Is f file 11 dt

logdetz 10 I
s t Pt ten drolin i dt

MmlSi

hit man a big loops

IAng Park Pfeffer Sheffield also I Lefan Dubédat
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Normalization by homotopy classes

Gixt I geodesics of Pex primitivegeod in X

Prime geodesis theorem 1Huber Randol

6 where Lila f ftp
986 Pix 1 18 L

Si Fdj
Main Theorem 2 W Xue

logdet Δ Area 1 1 E C Ʃ Mx Er

REGMPIX

1 at dlN 14 Lite'll

C E are universal constants
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Key Jon is Is fitsfrle it dt

Selberg trace formula

IFFHE.tw

Separate 82 91 1 and SE Glx GLX

calculation



Surface with boundary

complete hyperbolic surfacewith x to

and cannot be obtained from removing finitelymany points

from a closed surface GO

Prime geodesic theorem Haber St 011

Ny L est it as
Hdim Call 1

Ig My 8 too No normalization needed
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Conchision

Mass of Brownian loop in a homotopy class

8 on a surface X.gl is expressed as

a function of Ix 18 length of a geodesic repr
for the complete metric go of constant curvature
and conformal to g
Tool to study the length spectrum of Riemann surfaces
Identity on length spectra of extp

Another renormalization of total mass of BL expressed

using length logdetd Merci
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